Linear Functions versus Exponential Functions

The aim of this investigation is to develop students’ ability in recognizing data patterns likely to be modeled
well by exponential growth functions. A further goal is to utilize graphing calculator experimentation to find a
good regression model. Students should think analytically about the data being modeled as well as to use
estimation and calculator-based tools.

Wolf Populations in the Midwest

Suppose that census counts of Midwest wolves began in 1980 and produced
these estimates for several different years:

Time Since 1980 (in years) 0 2 5 7 10 13

Estimated Wolf Population | 100 | 300 | 500 | 900 | 1,500 | 3,100

1)

2)

3)

4)

5)

Plot the wolf population data on paper and decide whether a linear or 2,000
exponential function seems likely to match the pattern of growth well.
exponeal !
=138.4 (1.28)* 200 |
Use your graphing calculator to find both linear and exponential |
regression models for the given data pattern. Make sure you have
turned your Diagnostics On (2" 0). o

Linear Exponential % .
y=_212.3x-242.8 y_ 138.4(1.28) i

r’=_0,805 = 0.910 6 1234517 841Muizi3
Yeacs Swee 1480

What do the numbers in the linear and exponential function rules from part 2 suggest about the pattern of
change in the wolf population? y= at by

Linear Exponential
b=_adding 212.3 each year a = populatisn 1a VRO was 138
a = Doanmmn 1a 1490 » -243 =_populahin 1§ mumwhui by 1-28 each year

Which model do you think best fits the data? Why?
exponcatial > i grows slowly at first and Then moce guickly

Ao r? s close~ 1o L.
Use the model for wolf population growth that you believe to be best to calculate population estimates for
the missing years (1981, 1983, 1984, 1986, 1988, 1989, 1991, and 1992).

Time Since 0 1 2 3 4 5 6 7 8 9 10 11 12 13
1980 (in years)

Estimated Wolf 100 300 500 900 1,500 3,100
Population 138 [ 117 | 2240 (289 | 370 | 473 [ k05 [ 774 [140 [1245 |1WI8 2064 [2b4o|3384




6) Use your model to give population estimates for the year 2000, 2005, and 2010. When will the population
reach an estimated 500,000 wolves?

77:000 2 14290 aftee 33.3 Yenrs
005> (238D :

2010 - 2271738 there will b2 500000
Alaskan Bowhead Whales wolves - so 1n 2o

Suppose that census counts of Alaskan Bowhead Whales began in
1970 and produced these estimates for several different years:

Time Since 1970 (in years) 0 5 15 20 26 31
Estimated Whale Population | 4700 | 5,800 | 8,000 | 9,300 | 11,000 | 12,300

7. Plot the given whale population data on paper and decide which type of
function seems likely to match the pattern of growth well.

10000

8. Use your calculator to find both linear and exponential regression models

for the data pattern. é—
X I
Linear Y= a+bx Exponential y=ab i) |
y=_245% + 4554 y=_ H3s4 (1.03) < i
= _0.941 = 0.993 1 ¢4 1215 19 21 24 213083

Time Siee 1410
9. Which model do you think best fits the data? Why?

This data appeacs to be lingac ~ the gvewth seems constant
And vz is a \Wle closer o).
10. What do the numbers in the linear and exponential function rules from problem 8 suggest about patterns

of change in the whale population?

Linear Exponential :
b=_addwng 245 whaks A War a=thece ae Y884 whals 1n 197D

A= Ihice are YSEY whalis 1n 4110 b= Pogulahisn is vwnltip)icd by 1-03 each year

11. Use the model for whale population growth that you believe to be the best to calculate population
estimates for the years 2002, 2005, and 2010.

2002 > 12391

2005 o5 3133

2010 = 14359
12. When will the whale population reach 25,0007

\d| 2 lhinear regvzssion po\n'\' ot -ln'\'&(SCOTA’O"

Y2 25000 s_hows 25000 WwhaAlLS
n ¢3.4 years, so 2053



Summarize the Mathematics

In the problems of this investigation, you studied ways of finding function models for growth patterns that
could only be approximated by one of the familiar types of functions.

13. How do you decide whether a data pattern is modeled best by a linear or exponential function?

graphing the data o see whether 15 a line or curve and 1f

its hard 4o dell, looking at e v valw to find whith 15 clasest o ).

14. What do the numbers a and b in a linear function y = a#+ bx tell about patterns in the of the
function?

b -tells yon The slope
a tells yon The y—l.rrltrcept

15. What do the numbers a and b in a linear function y = a + bx tell about patternsin a of (x, y) values for

the function? 3
b dells Yo e ommon difference - what's added or svbtaeted
a dells Yo The 3"""‘“’31 valne (whreee x=0)

16. What do the numbers a and b in a exponential function y = a(b") tell about patterns in the of the
function?

A dells yo The y-intercept

b dells Yo The factor bﬁ whidh th, pre Vi s
-value is mulhipligel
17. What do the numbers a and b in a exponential function y = a(b”) tell about patternsin a of (x, y)
values for the function?

a “elig yown The ﬁ'nr‘h'rlj value (whew x=0)

b Hells yow how mush o mulhply y by o get

the next Y-valwe
18. What strategies are available for finding a linear or exponential function that models a linear or

exponential data pattern?

find The 9—in+&rwpf (where X=0)
for \inear Ya"Y1

X2~ X,

for exponeatial (X,-_X\\\/E_
Yi

Whea wsinj re<l worid data, Yow Seldom get The exact values

-\Y\ 0\(\5 mozlbll bwl' The Cﬂlm\m s l‘.Y\eOL(' £= expw\w‘]’;hl r%/yzggfm
can provide The best model based on the data



Independent Practice with Linear Functions versus Exponential Functions

Exponential functions, like linear functions, can be expressed by rules relating x and y values and by rules
relating NOW and NEXT y values when an x value increases in steps of 1. Compare the patterns of (x, y) values
produced by these functions: y = 2(3") and y = 2 + 3x by completing these tasks.

1. For each function write another rule using NOW and NEXT that could be used to produce the same

pattern of (x, y) values.
y=2(3)%  NEXT= Nw-3 Yy=2+3x  NEXT= NOL+3
Stact at 2 start at 2

2. How would you describe the similarities and differences in the relationships of x and y in terms of their

function graphs, tables, and rules?
a. Similarities and differences of function graphs

both have a 5-|'n'|'&rc¢pt of (0,2) one 1% Joinj up by o
both are \ncrmsing constant of 3 ANA the
0’“"%(‘ bM A Mw\"'\p\d 0"3

b. Similarities and differences of function tables

beth contain e pont (0,2)

i X ineveases by 1) y is ineveased by 3 in livear 5
muthplicd by 3 n exporenhal

c. Similarities and differences of function rules
both bedm wrth Y= 2..
one 1§ muthplied by 3% |n 4me pther 3x is added

3. When will the exponential function “overtake the linear function”? Will this happen all of the time or
just some of the time? Explain your thoughts.

The exponential overtankes the Wear at sy
The exponential will a\Ways gvertake The \Wnear becanne
of the multiplicahion.



U.S. Presidential Elections

The following table shows the number of votes cast in a sample of U.S. Presidential elections between 1840
and 2004

Year of Election Major Party Candidates Total Votes Cast @
1840 Harrison vs. Van Buren 2,411,118
1860 Lincoln vs. Douglas 4,685,030 VOTE
1880 Garfield vs. Hancock 9,218,951
1900 McKinley vs. Bryan 14,001,733 W
1920 Harding vs. Cox 26,757,946
1940 Roosevelt vs. Wilkie 49,752,978
1960 Kennedy vs. Nixon 68,836,385
1980 Reagan vs. Carter 86,515,221
2000 Bush vs. Gore 105,405,100
2004 Bush vs. Kerry 122,267,553

4. Find rules for what you think are the best possible linear and exponential models of the trend relating
votes cast to time (use t = O to represent the year 1840).

Linear model:

Y= -1p271982.95 + 138203.4x r2= 930
Exponential model:

Y= 3280811.%5 (1.02)* rt=.a1

5. Which type of model — linear or exponential — seems to better fit the data pattern? Why do you think
that choice is reasonable? Answcrs W_\ﬂ ern

While nerther modal 1S & great it | The exponenhal model

SLLMS Move veasonable belase Populh‘ﬁ()ﬂ grows at an

ehponenhal vate and So voters shonld tvo. AlSo, the
r2 valne for Ahe exponerhal wodel 1¢ clpsec 4o \.

6. In what ways is neither the linear nor the exponential model a good fit for the data pattern relating
presidential election votes to time? Why do you think that modeling problem occurs?

Neither is @ very 9004 wodd as neither graph falls very
close 1o e graphed data poars. Modeling These values
v difficult Becanse there 1S o consistent common difference

ov raho.



